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Diffusion and criticality in undoped graphene with resonant scatterers
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A general theory is developed to describe graphene with arbitrary number of isolated impurities.
The theory provides a basis for an efficient numerical analysis of the charge transport and is applied
to calculate the minimal conductivity, σ, of graphene with resonant scatterers. In the case of smooth
resonant impurities σ grows logarithmically with increasing impurity concentration, in agreement
with renormalization group analysis for the symmetry class DIII. For vacancies (or strong on-site
potential impurities) σ saturates at a constant value that depends on the vacancy distribution among
two sublattices as expected for the symmetry class BDI.
PACS numbers: 73.63.-b, 73.23.-b, 73.22.Pr
Transport properties of graphene [1–3] remain in the
focus of intense studies. It has been established, both
theoretically [4, 5] and experimentally [6–10], that the
conductivity of short and wide samples of ballistic
graphene acquires a minimal value of 4× e2/πh (the fac-
tor 4 reflecting the spin and valley degeneracy) when the
chemical potential is tuned to a vicinity of the Dirac
point. The minimal conductivity of larger graphene
flakes is close to 4× e2/h for the majority of experimen-
tally available samples [2]. The enhancement of the min-
imal conductivity is attributed to the effect of disorder:
graphene near the Dirac point may conduct better when
impurities are added [11–13].
Remarkably, the minimal conductivity of disordered
graphene remains essentially constant when the temper-
ature T is lowered by several orders of magnitude, down
to 30 mK [14]. This is in contrast with the behavior of
conventional 2D systems with conductivity σ ∼ e2/h:
their σ gets strongly suppressed with lowering T due
to Anderson localization. The absence of localization in
graphene indicates that the dominant disorder is either
of long-range character (and thus does not mix the val-
leys) or preserves a chiral symmetry of the Hamiltonian
[15, 17]. The former possibility has been investigated in
Refs. [12, 13, 16, 17]. In this paper we explore the case
of resonant impurities that preserve the chiral symmetry
(Cz in terminology of Ref. [15]).
Resonant scatterers create ”mid-gap” states directly at
the Dirac point, thus having a strong impact on the min-
imal conductivity. A natural example of a resonant scat-
terer is a strong potential applied to a site of a graphene
honeycomb lattice, which is equivalent to a vacancy. In
this way, vacancies are effectively created by hydrogen
ad-atoms or CH3 molecules, which bind to a single car-
bon atom in graphene and change its hybridization from
sp2 to sp3 type. The resonant character of hydrogen
ad-atoms was supported by the DFT analysis [18]. Res-
onant scatterers give linear (up to a logarithmic factor)
dependence of the graphene conductivity on electron den-
sity [15, 19], consistent with experimental observations.
Recent experiments [20, 21] confirmed that a moderate
concentration of hydrogen adsorbates preserves all the
salient features of transport in graphene and provided ev-
idence that resonant impurities determine the graphene
mobility.
The vacancies are not the only type of resonant impu-
rities. For instance, a smooth potential impurity, which
can be represented by a scalar potential in the Dirac
equation, is resonant provided the energy of the local-
ized impurity state coincides with the Dirac point. Re-
cent works [22, 23] studied the effect of resonant scalar
impurities in the ballistic regime. It was shown, in partic-
ular, that each such impurity enhances the conductance
of ballistic graphene by a value of the order of e2/h.
In this Letter we develop a general theory of trans-
port in a system with arbitrary number N of isolated
impurities. The full counting statistics of the system
is given by a determinant of a matrix of size N . The
averaging over impurity positions can be performed nu-
merically with a high efficiency. We apply this theory
to disordered graphene at the Dirac point, focusing on
two types of resonant scatterers: scalar (smooth poten-
tial) impurities and vacancies. This allows us to explore
the diffusive (or critical) regime that is established with
increasing concentration of impurities (or, equivalently,
sample length).
We consider a graphene sample of the length L and the
width W ≫ L, which is described by the Dirac Hamil-
tonian, H = −i~vσ∇ + V (r), where σ = (σx, σy) is the
vector of Pauli matrices, v is the velocity, and V (r) is an
impurity potential that can mix valleys and sublattices.
Hereafter we set ~v = 1.
2Metallic leads at x < 0 and x > L are defined by
adding a large chemical potential, µ∞ → ∞. Inside the
sample, i.e. for 0 < x < L, the chemical potential is
tuned to the Dirac point (µ = 0). The function V (r) =∑N
n=1 Vn(r) represents N isolated scatterers.
To calculate the full counting statistics of electron
transport we use the matrix Green function approach
[23, 24, 27]. The Green function in the retarded-advanced
(RA) space satisfies the equation(
µ−H + i0 −σxζδ(x)
−σxζδ(x− L) µ−H − i0
)
G(r, r′) = δ(r− r′), (1)
where ζ = sin(φ/2) is the counting field and the chemical
potential µ equals µ∞ in the leads and zero in the sample.
It is important for the subsequent analysis that the bare
Green function G0, which solves Eq. (1) at V = 0, can be
calculated analytically [23].
Transport quantities (conductance, noise, and higher
order cumulants) are readily determined from the cumu-
lant generating function F = Tr lnG−1, where the trace
Tr includes the spatial coordinates as well as RA, sublat-
tice, and valley indices. Below we are mostly concerned
with the conductance determined by the relation
G = −(4e2/h)
(
∂2F/∂φ2
)
φ=0
. (2)
With the help of the Dyson equation, G−1 = G−10 −V , we
obtain F = F0+δF , where δF = Tr ln(1−V G0) describes
the correction to the cumulant generating function, F0 =
Tr lnG−10 = −Wφ
2/2πL, of the clean system [23].
Our aim is to take advantage of the fact that impuri-
ties do not overlap and to reduce the operator determi-
nant in the definition of δF to the usual matrix deter-
minant. Such a reduction is justified if the impurity size
is smaller than both the distance between impurities and
the Fermi wave length (the latter is infinite at the Dirac
point). The generating function can be rewritten in the
N -dimensional unfolded (impurity) space as
δF = Tr ln(1− V G0) = Tr ln(1− Vˆ Gˆ0), (3)
where Vˆ = diag(V1, V2, . . . , VN ) and all elements of the
matrix Gˆ0 are identical and equal to the operator G0.
We proceed with introducing the T -matrix operators
Tn = (1 − Vng)
−1Vn, that account for multiple rescat-
tering on individual impurities [23]. Here g stands for
the Green function in an infinite graphene plane. At the
Dirac point we find
g(r, r′) = −(i/2π)σ · (r− r′)/|r− r′|2. (4)
Using the definition of the T -matrix, we rewrite δF as
δF = Tr ln
[
1− Tˆ (Gˆ0 − g)
]
+Tr ln(1− Vˆ g), (5)
where Tˆ = diag(T1, T2, . . . , TN) and g is proportional to
the unit matrix in the unfolded space.
The last term in Eq. (5) does not depend on the source
field, φ, and can be safely omitted. Taking the limit of
point-like impurity we reduce the operator product in the
first term of Eq. (5) to the standard matrix product with
the result
δF = Tr ln(1− Tˆ Gˆreg), (6)
where Tˆ is the diagonal matrix of integrated impurity
T -matrices (describing s-wave scattering only) and the
elements of the matrix Gˆreg in the unfolded space are
given by
(Gˆreg)nm =
{
G0(rn, rm), m 6= n,
lim
r→rn
[
G0(rn, r)− g(rn, r)
]
, m = n,
(7)
where rn = (xn, yn) specify the positions of impurities.
Equation (6) is one of the central results of the Let-
ter. The impurity-induced correction to the full-counting
statistics is reduced to the finite-size matrix determinant,
which is completely defined by the impurity T -matrices
in the s-wave channel and the bare Green function. The
T -matrices can be found in a standard way from the solu-
tion of the corresponding single impurity scattering prob-
lem [28]. The exact bare Green function in the rectangu-
lar geometry of Eq. (1) has been calculated in Ref. [23].
It is given by the matrix product
G0(rn, rm) =
i
4L
UxnΛΣze
Σy(yn−ym)φ/2LRΛU−1xm , (8)
where Σx,y,z are the Pauli matrices in RA space and
Ux =
(
sin φ(x−L)2L cos
φ(x−L)
2L
i cos φx2L i sin
φx
2L
)
RA
, Λ =
(
1 0
0 σz
)
RA
.
The matrix R is acting in the sublattice space. In the
limit W ≫ L it simplifies to
R(rn, rm) =
(
csc(zn + z
∗
m) csc(zn − zm)
csc(z∗n − z
∗
m) csc(z
∗
n + zm)
)
σ
, (9)
where zn = π(xn + iyn)/2L and csc z = 1/ sin z. The
matrix R coincides with the retarded Green function of
the clean sample up to a factor 4iL.
The expressions (8), (9) define the off-diagonal ele-
ments of the matrix Gˆreg in the unfolded space. The
diagonal elements are found from Eq. (7) as
(Gˆreg)nn =
i
4L
UxnΛΣzRregΛU
−1
xn , (10)
where Rreg(r) = csc(πx/L) + Σyσyφ/π. Diagonal part
of the matrix Rreg is proportional to the local density
of states in a clean setup. Equation (10) completes the
construction of the matrix Gˆreg.
The only input parameters for the general result (6)
are T -matrices of individual impurities. They can be
3obtained by solving the single impurity scattering prob-
lem. For smooth potential impurity, the T -matrix mixes
neither sublattices nor valleys and is given by the scat-
tering length, T = ℓ. The length ℓ diverges if the im-
purity potential fulfills the resonant condition [23]. In
contrast, the T -matrix for an on-site potential impurity
projects on a one-dimensional subspace, T = ℓ|u〉〈u| =
ℓ(1 ∓ τxσx ± τyσy + τzσz)/4, where upper (lower) sign
correspond to the impurity in A (B) sublattice, respec-
tively, and τα are the Pauli matrices in the valley space
[28]. The vacancy (i.e. infinitely strong on-site potential)
corresponds to the limit ℓ→∞.
In general, the T matrix of a resonant impurity is given
by a divergent length scale, ℓ, multiplied by a projection
operator acting in the valley and sub-lattice space. This
enables further simplification of the result (6) by omitting
the unity under the logarithm in the projected basis. Up
to an arbitrary constant term, the resulting generating
function can be cast in the form
δF = Tr ln KˆKˆ†, (11)
with a matrix Kˆ satisfying the identity Kˆ†(φ) = Kˆ(−φ).
For resonant scalar impurities, the elements of 2N × 2N
matrix Kˆ are given by
Knm =
{
σzR(rn, rm), m 6= n,
σz csc(πxn/L)− iσxφ/π, m = n.
(12)
For vacancies, the matrix Kˆ = Aˆ + AˆT has a dimension
N ×N with
Anm =
exp
[
φ
2L (yn − ym)−
ipi
4 (ζn − ζm)
]
sin
[
pi
2L (ζnxn + ζmxm + iyn − iym)
] , (13)
where ζn = ±1 if the n-th vacancy belongs to the sub-
lattice A (B). The analytical expressions (11)–(13) can
now be used for the efficient numerical evaluation of the
conductance, noise, and higher transmission cumulants
of a disordered graphene sample. Below we focus on the
conductance, Eq. (2). In terms of Kˆ it is given by
G =
4e2
πh
{
W
L
+ 2πTr
[
(K˙K−1)2 − K¨K−1
]
φ=0
}
, (14)
where dots denote derivatives with respect to φ. In the
case of resonant potential impurities, the matrix K is
linear in φ; hence the last term drops from Eq. (14).
Computational efficiency of Eq. (14) is limited by in-
verting the matrix K at φ = 0. This operation involves
O(N3) multiplications. We run the standard matrix-
inverse update algorithm by adding impurities one by
one to compute the dependence of conductivity on N .
This reduces the complexity to O(N2) per realization on
average. The procedure is repeated many times to get
sufficient statistics for different ratios W/L. Then we
extrapolate the result to the limit W → ∞, thus elimi-
nating non-universal boundary effects.
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FIG. 1: (Color online) Mean conductivity calculated numer-
ically from Eqs. (12), (14) as a function of concentration of
resonance scalar impurities (data points). The data is ob-
tained by interpolation to the limit W ≫ L. The solid line
shows the result (16) of the sigma model in class DIII.
For resonant potential impurities, the dependence of
the average conductivity σ = GL/W on the impurity
concentration n = N/LW in the limit W ≫ L is plot-
ted in Fig. 1. To understand this behavior analytically,
we perform the symmetry analysis of the problem. The
matrix K defined by Eq. (12) yields the Bogoliubov-
de-Gennes type of symmetry, σxK
T (−φ)σx = −K(φ),
which corresponds to the symmetry class D [25]. The
symmetry of the matrix K is equivalent to that of the
transfer matrix of the system and can be used to infer the
symmetry class of the corresponding Hamiltonian, which
is given by DIII in the present case. The renormalization
group analysis of the corresponding sigma model in the
two-loop approximation yields the following equation for
the dimensionless conductivity [26]
dσ¯
d lnL
=
2
π
(
1−
1
πσ¯
+O(σ¯−2)
)
; σ¯ ≡
h
4e2
σ , (15)
which holds for σ¯ ≫ 1, i.e., in the diffusive regime. Solv-
ing Eq. (15), we get
σ = (4e2/πh)
(
lnnL2 − ln lnnL2
)
. (16)
Figure 1 shows a perfect agreement between the numer-
ical and analytical results.
An altogether different behavior of the conductivity is
obtained from Eqs. (13), (14) for graphene with vacan-
cies. The result is plotted in Fig. 2 in the limitW ≫ L for
different relative concentrations, nB/nA = 0, 1/2, 3/4, 1,
where nA and nB stand for the vacancy concentrations
in the sublattice A and B, respectively. We see that the
conductivity acquires a constant value for nL2 → ∞.
To understand this behavior, we note that the matrix K
from Eq. (13) now possesses the only symmetry KT = K
and thus belongs to the symmetry class AI. Therefore,
graphene with randomly distributed vacancies falls into
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FIG. 2: (Color online) Mean conductivity vs. vacancy concen-
tration, n = nA +nB , found numerically from Eqs. (14), (13)
for nB/nA = 0, 0.5, 0.75, 1. Inset illustrates the conductivity
scaling for nA 6= nB on the logarithmic scale.
the Hamiltonian symmetry class BDI. The corresponding
sigma model is characterized by a vanishing β-function,
implying a constant (in general, nonuniversal) value of
conductivity in the infrared limit. This is fully consis-
tent with the numerical results of Fig. 2. Remarkably,
for nA 6= nB, the conductivity is a non-monotonic func-
tion of nL2 and the limiting value is very close to the
4e2/πh. For equal concentrations, nA = nB, the numer-
ically obtained limiting value is σ∗ ≃ 1.6× 4e2/πh. The
system is expected to show various aspects of criticality
characteristic for 2D problem of chiral classes [25].
Additional comments: (i) If a small concentration of
vacancies is added to the sample with resonant potential
impurities, a crossover from DIII behavior, Eq. (16), to
BDI (saturation) occurs at some high value of σ¯. (ii) We
assumed that the inter-impurity distance is much larger
than the graphene lattice constant a. For very large con-
centration of potential impurities they will start to over-
lap and will lose the resonant character. As to vacancies,
when their concentration will increase towards ∼ 1/a2,
the conductivity will start to drop, and eventually the
system will undergo a localization transition.
In conclusion, we have developed a theoretical ap-
proach to transport in disordered systems which de-
scribes an entire crossover from ballistic to diffusive or
critical regime. The theory can be applied to study local-
ization physics and criticality in a variety of different sys-
tems. We have used the theory to calculate the conduc-
tivity (and, more generally, the full counting statistics)
in undoped graphene with resonant impurities. The con-
ductivity increases logarithmically in the case of smooth
resonant potential scatterers (symmetry class DIII) and
saturates at a constant value for vacancies (class BDI).
In the latter case, the behavior of conductivity depends
on the vacancy distribution among two sublattices.
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